THE CLASSES L, AND CONFORMAL MAPPING

BY
P. R. GARABEDIAN

1. Introduction. Recently M. Schiffer and the present writer gave new
proofs, based upon the notion of a kernel function, of the existence of a num-
ber of canonical conformal maps of a multiply-connected domain [6, 7](*).
The arguments given were the outcome of investigations of the duality of
various extremal problems in the conformal mapping of multiply-connected
regions, such as that of Schwarz's lemma to the Szegé kernel function
[1, 2,4,5,8,9, 10]. Much of the reasoning was facilitated by an elementary
knowledge of Hilbert space L.

Here we shall continue to discuss relations between extremal problems.
In this study, a number of existence theorems will be developed, in simplified
form, by arguments based upon the uniform convexity of the Banach spaces
L, with p>1 [3]. To work thus with minimum functions in L, is a departure
from the classical procedure, often encountered in the calculus of variations,
of using minimum functions in Hilbert space L, for existence proofs. We shall
show that our basic extremal problems in L, and L, are related when

1 1

- + —_— = lv

? q
thus bringing forward once more the well known duality of these two spaces.
Furthermore, in the case of special normalizations in multiply-connected
domains, we shall prove that certain problems in the classes L, are related
to those in L, and those in the space L; of functions of bounded variation
and the space L., of bounded functions, and we shall thus extend earlier re-
sults [4] Here it is to be remarked that L, and L, correspond to one another
in much the same way as do the spaces L, and L, with 1/p+1/¢=1.

Our discussions will touch upon relations between problems in L,, L, and
Loorce—py Lo 1/P+1/q=1, which generalize the earlier work on L,, Ls, L,
[4, 7], and we shall investigate the case p <1.

2. The fundamental existence theorem. Let D be a finite domain of the
z-plane bounded by # simple closed curves Ci, Cy, - - -, C, which have con-
tinuously turning tangents. Denote by C the total boundary C= > }., C;
of D. Let A denote the class of all functions ¢(2) which are analytic in the
closed domain D+C, and let B denote the class of all functions ¥(z) of the
form
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1 1
¥(z) = — —— + ¢(a), ¢ E A4,
271 2 — 1

where ¢ is a fixed point in D. We shall denote by L,, p>1, the class of com-
plex-valued functions f(z) defined for 2& C which have a finite norm

§ 116 Pas, gs = | as),

and which satisfy the conditions

(1) fc f@(E)ds = 0, sE4,

@ fc feW @ = 1, v EB.

Note that the function f(z) =1 is in this class.
Since the space ., of all complex-valued functions u(z) defined for z&C
and possessing a finite integral

f | w(e) |ds
o]

is uniformly convex for p>1 [3], that is, since for any pair u, vEL, the con-
ditions

flpl"dsél, f[vl"dsgl, fl"+”
c c el 2

imply a relation

»
ds=1—¢

f I u— vlpds =< i(e), lim 4(¢) = 0,
¢ 0

we find readily that there exists in L, a function f(z) which minimizes

f | 1(2) |nds,
(o}

that is, a function fo(z) such that

@3 f | e)|vds < § | 02|, fEL,

That fo(2) is unique also follows.
If now ¢(2) €4 and M is any complex number, we verify easily that the

function
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1@ = fo@ {1 + NoG) — ¢(1)]}

is in L,, since the conditions (1) and (2) are satisfied. Hence we obtain from
(3) the inequality .

fc |46 [rds < 1 760 2| 1+ A80) = 0] s

But a simple calculation yields
| 1+ [o@z) — 6(®]]> = 1+ pRe {A[o(z) — 6()]} + O(| 1],
and thus

Re,{x f | fo(2) |»[6(2) — ¢(t)]ds}~ +0(|r[» z 0.

Since \ is arbitrary, we deduce that

@ f | 7o(2) [P0 ()ds = 802 f | 1o s, 6 4.

Since, by (2),
dz = 1,
§1oe) o

f |fo(z) |1’ds >0,
¢

| fo(3) |? .
§ | 5@ ras
[

we have

and we can set

e(z) =

From (4) we have
®) § pleoterds = 600,

Now let wand w* be any pair of points in one component of the exterior
of D. We set

w*

2%
¢(2) = log

and find
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z — w* t — w*
fp(z) log ——— ds = log .
c g — W t— w

Taking real parts of both sides of this formula and noticing that p(2) is real,
we obtain a relation of the form

1 1
©) f p(2) log ———— ds = log ———— — a;,
¢ |z — w] |t — w|

where o; is a real constant which depends only upon the component of the
exterior of D in which w lies.
For w&D, we set

1 '
(7 G(w, t) = log Tw—_jl‘ “ﬁp(z) log TZ“—WI ds,

and we notice that G(w, t) is harmonic for w& D except for the logarithmic
singularity at w=¢.

We note that if w; and w, are points on a normal to C, situated at equal
distances from C along this normal, and if 2&C, then

8) log

—0 as |wp— w|—0, uniformly forz & C,

since C has a continuously turning tangent. Since the logarithm on the right
in (6) is uniformly continuous when w ranges over any bounded subset of the
exterior of D, it follows readily that the integral

1
fp(z)log—————ds
c Iz—’wl

is a continuous function of w across C, and therefore in the finite part of the
w-plane. By comparing (6) and (7), we now find

9) lim G(w, t) = a; w & D.
w—Cj

Hence G(w, ¢) is harmonic in D, except for a logarithmic singularity at w=¢,
and has constant boundary values a; on each curve C;, j=1, - - -, n.

In the particular case #=1 of a simply-connected domain, we verify that
a1=0 and that G(w, ¢) is the Green's function of D. Once in possession of the
Green'’s function, it is not difficult to show by the usual procedure that the
simply-connected domain D can be mapped conformally upon the interior of
the unit circle. Thus we have presented a simple proof of the Riemann map-
ping theorem, and, indeed, if we take p =2, even the condition of uniform
convexity of ., becomes elementary.

3. Extremal problems in L,. We now return to the case of a multiply-
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connected domain D, but we make the assumption that thecurves Cy, + + -, Cp
are analytic. From (9) and the Schwarz principle of reflection we conclude
that G(w, t) is harmonic on C. Since the normal derivative of the potential

fp(z)log—l——ds
c |z—w]

has a jump of 27 times the density p(z) when w crosses C at z& C, we find that
the normal derivative of G(w, t) with respect to the inner normal » to C is

3G(w, t)
v

= 27p(w).

Thus the extremal function fo(z) €L, has a modulus I fo(z)l which is propor-
tional to the pth root of the distribution of mass

aG(z, t)
v

We proceed to apply more general variations to the extremal function
fa(z) EL,. If ¢E€A and N is a complex number, then fo(z)+X[p(z) —¢(2) ]
is in L,, and hence

fc | fo(e) |7ds < 'leo(z)+x[¢<z> — o()]|ras.

But
| fo(z) + A[o(z) — ¢()]]|”

= |fo(z)|"+pRe {)\lfo(Z)lp

Jo(2)

[6(2) - ¢(t)]} +0(|n [y,

and therefore

[ /o(3) |7 _ | fo(3) |7
. ———-—fo ® #(2)ds = ¢(¥) e 1@

The reader can verify that [¢(z) —¢(£)] can be replaced by [fo(z) —1] in this

argument, and hence
/0@ |7 )
. f(z) s—flfo(z)lds>0

(10) ds.

Thus we can set

(11) k0 = 5] § 1w ras|
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to obtain
| k(z) |?
(12) —— ¢(2)ds = ¢(?), ¢ E A4,
c k(2
while at the same time, by (1),
(13) § Ko =0, o 4.
c

We introduce the class @ of functions g(z) defined and integrable on C
and satisfying

(14) fc §(2)8(z)dz = 0, b€ A.

Clearly k(2) €Q, and by Cauchy’s theorem and (12),

1 1 | k@) |7 _
PR R

where z(s) is the parametric representation of C in terms of arc length, whence

L kel

15 m(z) = — /(s
(15) @ = miesi ww O
is also in Q.
Now for any function g(z) €Q, set
1 z — w*
(16) I'(w, w*) = ——f g(z) log dz, w, w* € D.
2riJ ¢ z2—w

The function I'(w, w*) is analytic for w, w*&ED, while for w,, we* in a com-
ponent of the exterior of D we have

1 z — wi
an =8 e 10g & =0,
2riJ ¢ 2 — Wy
since
z — we
log
2 — W

is in 4 in this case. We let z, and z,* denote two points on a component C;
of C, and we choose w and w* to lie on the normals to C; at 2, and 24, respec-
tively, while w, and w¢* are to lie on opposite sides, with respect to Cj, of
these same normals, at the same distances as w and w* from 2z, and 2¢*, respec-
tively. Under these circumstances, we have
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% %
z— w z — wg )
log — log —2ri as |w— w|—>0, |w*— wd| —0,
zZ— w 2 — Wo

when z lies on one arc of C between 2z, and z¢*, while for z on the remainder of C

z — w* 2 — wg
log — log —0 as lw—wo|—>0, l‘w*—‘wo*l—>0,
22— w z— wo

provided that we choose, once and for all, suitable branches of the logarithm.
Thus we find from (16) and (17) that

2q
lim T(w, w*) = 2(z)dz,
w—»zo'ur‘—»s'o z;
and, indeed, the integration is to be extended from z¢* to 2o along C; in the
positive sense with regard to D [cf. 7]. Thus the indefinite integral

f | 2(z)ds

along C of each function g& Q represents the continuous boundary values on
C of a function I'(w) analytic for w&ED, but possibly multiple-valued there.
Hence both the normalization condition (1), or also (13), and the variational
condition (12) lead us to conclude that the expressions involved yield the
boundary values of functions analytic in D.

We can set in particular

1 z — w*

(18) Ti(w) = —@ k(z) log dz,
27iJ ¢ z2—w
1 z — w*

(19) To(w) = — @ m(z) log dz.
2riJ ¢ z—w

Let 4 be a small arc of C, and let v, be an arc inside D which, together with v,
bounds a small simply-connected subdomain A of D not including the fixed
point tED. Then by Cauchy’s theorem

}{ i@ = 0, f  Ti@e(e)ie = 0

for every function ¢¢(2) analytic in A4+, since I'i(z) and Ty(z) are an-
alytic in D and continuous in D+ C. Since k(2) is integrable of order p over C,
and since m(2) is integrable of order g=p/(p —1) over C, we find by applica-
tion of Hélder's inequality to Cauchy’s formula that I'{ (2) grows at most like
| 2—20] ¥+ and T (z) grows at most like | z—2o| ¥»~* as 3—3,& C along non-
tangential paths. Hence I'! (z) and I'Y (2) are integrable over v, and we can
integrate (18) and (19) by parts to obtain
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(20) [ ri@aeae+ [ reaea o,
Y0 4

f T4 ()u(a)dz + f m@(5)dz = 0,

where now ¢,(2) can be an arbitrary function analytic in A4y, since
¢! (2) =¢o(3). The second identity can be rewritten in the form

11 , | k@) |7 B
@ [ - reees+ [ SRl i0nen-o

since
1 1

2wt z— ¢

is analytic for zEA.

If Ais sufficiently small, the function 2’(s) can be continued analytically
from 7 into A, since the curves C are assumed to be analytic. Also, returning
to the function G(w, ) of formula (7), the normal derivative dG/d» can be
continued analytically throughout A4~y -4+, But lk(z)l is proportional to
the pth root of dG/d», and hence, in a small region A containing none of the
finite number of possible zeros of G /dv, the function I k(2) | can be continued
analytically. Denote by T1(z) the continuation of 2’(s) in A+v++,, and de-
note by T,(z) the continuation of Ik(z)l in A+vy+v,. We set

¢1(2) = T1(2)Ta(2)* ?¢2(2)
and obtain from (21) the new identity
f {—1— —1— - T4 (z)} T1(2) T2(2)> ?¢2(z)dz
vo 2mi 3 — 1
(22) ,
+ [ 2@ @ = o

By the reasoning applied to the functions of class @, we conclude from
(20) and (22) that the functions

1 z — w* 1 z — w*
Ty(w) = — f T (3) log iz + — f k(3) log iz,
27wt d o, 2 —w 2wid 4 z— w
1 1 1 z — w*
Ty(w) = — {—— - T (z)} T1(3)T2(z)*? log dz
wid gy 278 2 — ¢ z—w
1 _ z — w*
+— [ k@)1 dz
2wid 4 2 —w
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are, for w*EA fixed, analytic functions of w in A with boundary values

ru(w) = [ ks

rw) = [ EeE@: = [ ko

on v. Thus finally
T's(w) = T4(w) + const.

on v.
Our conclusion is that I';(w) +T's(w) and 4T 3(w) —iI's(w) are real on vy and
hence may be continued analytically across ¥ by the Schwarz principle of
reflection. Thus I'{ (2) =k(z) is analytic on v, and it follows that k(z) is an-
alytic on the entire system of curves C, since v is an arbitrary arc of C.
An integration by parts can be applied to the derivatives
0k(z(s)) om(z(s))

Z(s), m(z)=

kE(z) =
@ as as

Z(s),

which we have now shown to exist, in order to prove that they are in the class
Q. It follows that the analytic functions
1 k(2) 1 m(z)

k(w) = — dz, m(w) = —
27t ¢ z— w 27iJ ¢ 2 — W

dz

in D have boundary values k(z) and m(z), respectively, on C, and are, in-
deed, analytic in the closed region D+ C. This follows as well for m(w) as
for k(w) by virtue of the relation (15) for m(z) in terms of k(2).

With these preliminaries behind us, we define the new domain function

(w) = — —— — m(w),
() 2ni w— ¢ ()
which is analytic in D+ C, except for the simple pole at w=¢. Clearly, I(w)
has the boundary values
1 1 | k(z) |?

i oz —1 m(e) = k(2)

Z'(s),

and thus we find that the pair of analytic functions /(w) and k(w) satisfy the
remarkable differential identity

| #@) |7

(23) lz) = Z'(s),

k(z)

for zEC. It will be our object now to deduce from this identity a number of
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analytic and extremal properties of the domain functions l(w) and k(w).
Finally, we remark that (23) can also be written in the dual form

| 12) |
1(2)

(24) k(z) = Z(s),

where

¢ 1.1
p—1 v g
since ] I(2) | 7= l k(2) l ? for 2&C. This new form of the identity will already lead
the reader to suspect that /(z) will have extremal properties in a class L,
which are analogous to those which k(z) possesses by virtue of its definition
in terms of the extremal function fo(z) €L,. For the case p=¢=2, the rela-
tions (23), (24) are already known [4, 6, 7].

Since I(z) has a simple pole of residue 1/2w7at z=¢, we find from Cauchy’s

theorem
o — k)],
) —f;l(z)k(z)dz =ﬁ @) 2'(s) k(2)dz

- f | k(e |rds = & | 1(2) |ods,
c c

q=

(25)

as is also apparent directly from the variational relation (12). We now prove
that among all functions ¢(2) €4 with ¢(¢) =1, the function

_ ko
fol3) = k@)

f | $(2) |7ds
[+

a minimum, and that it is the unique function in 4 with this property. For,
by Hélder’s inequality

makes the integral

1= ¢() = fc 1)9(2)dz

(¢ 1 qus)”q( § lo@las)

with equality holding if and only if
¢(3)/ k(z) = const.
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on C, by (23). Hence

—»le
(26) o fc I¢(z)|1’ds=< ]{; | i(z) [qu> = k(f)*-».

Of course, it was from this initial extremal property of fo(2), in the original
class L,, that we arrived at the analytic properties of k(2), and thus (26) holds
for a much wider class of analytic functions than 4.

More striking, then, is the following inequality. Let ¥(z) be any function
of B. Then by the residue theorem and Hélder’s inequality

-, A (vl ( f o)
= ( fc | k(z>lpds) ( fc [¥(2) l«ds) “

with equality holding for and only for the function ¥(z) =I(z), by (24). Thus
I(z) is that function in B which yields the smallest value of the integral

§ 1y as,
c
or, in other words,

¢1)) mm }{ | ¥(2) |ods = f | i(z) |dds = k(2).

We thus have, in addition to the differential relations (23), (24) between the
pair of extremal functions k(z) and I(2), the following identity between the
minima for the extremal problems (26) and (27) solved by k() and I(z):

le 1/p
(28) (mm f |¢|‘1ds) ( min f |¢|Pds> =1
sc4,90=1J ¢

Let L, denote the class of functions g(2) defined for 2&C, with

f | 4(2) |ods < <o,
C

fc £@)o()dz = $(0), 6 E A

and such that

The reader will verify with small difficulty that the boundary function I(z),
which is in this class L,, yields the minimum value to the integral
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fc | g(2) |ds, =y

With minor changes in technique, we could have arrived at all the results
and identities of this section by starting with the class L, and the extremal
problem

f | g(z) |*ds = minimum
c

in this class, using the uniform convexity of the corresponding class ., of
all complex-valued functions integrable of order g over C to obtain the exist-
ence of the function I(z). Note that I/(2), then, solves the problem (27) in a
much wider class of analytic functions than the class B.

The principal point of interest thus far is, therefore, the remarkable rela-
tions existing between k(2) and /(2), and the consequent duality between the
extremal problems (26) and (27) in the classes L, and L, with

1/p+1/g=1.

We proceed to derive, in closing this section, a few more analytic properties
of the pair of functions I/(z) and k(z2).
From (23) we have

I(z) k()2 (s) = | k(z)|? = 0 onC.

Since /(2)k(z) has but one simple pole in D at z=¢, we conclude from the argu-
ment principle that the product /(2)k(z) has at most # —1 zeros in D. Thus I(z)
and k(z) have together at most #—1 zeros. Furthermore, we have on C
21!’ 3G(Z, l)

(2)k(2)7'(s) = ,
) (2)k(2)7'(s) ™
where G(z, t) is the potential function of the formula (7) with constant
boundary values on each curve C; bounding D. Thus, clearly,

(29) - z’('t; U(z) () = "G;’; g "G;zy 9.
Also, by (23),
k(z)”
I(2)®

has unit modulus on C, although this function is in general multiple-valued in
D. Thus

log k(z)? — log I(z)®
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has imaginary boundary values on C. This fact, together with (29), can be
used to determine k(z) and I(z) in terms of the solutions of various Dirichlet
problems, and thus we can relate our new problems (26) and (27) to classical
potential theory [cf. 4, 8, 9].
Finally, let {(z) be a conformal transformation of the domain D in the
z-plane onto a new domain D* in the {-plane, and let /*({) and &2*({) be the
“functions in D* with extremal properties corresponding to those of /(z) and
k(z) in D. If {’(¢) =1, then we should expect to have

(30) Uz)dst/s = I*(§)agt,
(31) k(z)dz'1» = k*(§)dgI>.

That is, we should expect k and ! to be differentials of orders 1/p and 1/g,
respectively. However, for p#27¢ this follows only when the transforma-
tion {(z) does not reverse the sense of rotation, taken to be positive with re-
spect to the domain, of the curves C; bounding D, for only under this restric-

tion are the functions
de\1e de\l'»
)" &)

single-valued in D. Thus (30) and (31) hold for and only for transformations
£(2) carrying the outer boundary of D into the outer boundary of D*. These
remarks follow from the fact that when orientation of a boundary curve C;
is preserved under the correspondence {(z), then

Ac; arg {'(z) = 0,
while when orientation of C; is not preserved,
Ac; arg {'(s) = £ 2.

Thus for p, ¢#2, it must be borne in mind that our extremal problems in L,
and L, have only a restricted, although significant, degree of conformal in-
variance.

4. Further relations among extremal problems. It has been shown in the
papers [4, 7] that for p =¢=2, the function I(z) has no zeros, while the func-
tion k(z) has n—1 zeros interior to D. Now since k(z) and I(2) are unique, it is
not hard to show that they depend continuously upon p and ¢. Thus for values
of p and ¢ sufficiently near 2, the zeros of the corresponding functions /(z)
and k(z) are all given to k(z). This must be so, for example, in some interval
25q=<2+e p=¢q/(g—1)=£2. For these values of ¢ we can set

_ @oi k@)

L(2) = 2mil(z)?, K(z)

i 1)

and we obtain in L(z) a function analytic in D+ C, except for a double
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pole at z=¢ with leading coefficient 1/27%, while in K(z) we obtain a function
regular throughout D+ C with K(t) =0, K’(t) = (2w)42k(t) >0. Now we have

k(z)
L(z)K(2)7'(s) = (2m)4%(2)? 2'(s)
I(2)
= (2m)9%(z)k(z)5'(s) = O on C,
and furthermore
(32) L(z) = Mz,(s)’ on C,
K(2)
since
27il(2)? = (2(5)1:,)::/1, I(z) l k}iz)," 2'(s)
_ (2w)q/z'§+i)lp§'(s) _ (2men LF® l(?();;m“q_mz'(s).
From (32) we obtain alternately
| L(z) |o/2 .,
(33) K@) = —-z—(;)——z (s).
Since
1 1

—_— =1
q/2 * p9/(q — p)

we see immediately that the differential identities (32) and (33) are altogether
analogous to (23) and (24). We shall proceed to deduce extremal properties
of L(z) and K(2) from (32) and (33) which are altogether analogous to those
of /(2) and k(2). For p=¢=2 this has already been done in the paper [4]

Let L,y —» be the class of functions ¢(z) analytic in D+ C with ¢(¢)
=0, ¢'(t) =1. Let L, be the class of functions () analytic in D+ C except
for a pole

1 1 a_y
¥(z) = — + ctataE—04+---

i (s — ) 5 —

of order two at z=t¢. From a strict pedagogical point of view, the reader can
define, alternately, the classes L,q/q—py and Lgs to consist merely of the
boundary values of the functions described. Clearly

K(3)
K'(8)

€ Lyg/a-»» L(z) € Lyj2.
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We maintain that
(34) f | #(2) |pq/<q-p>ds = K'(8)~2 @D = (2x)—a/ (@D p()=2 (D),
Cc

for ¢ EL 47 (s—m, With equality holding for and only for
K(z)
K'()

Indeed, by Cauchy’s theorem and Hélder’s inequality, we have

1 =ﬂL(z)¢(z)dz

2/q (¢—p)/pq
- (f I L(z) |‘”2d3> (f I #(2) lpquq_p)ds) ’ ¢ € Log/a—p
C (o]

and by the identity (32), equality can hold for and only for the function
¢(z) =K(3)/K'(t). The inequality (34) follows when we remark that

(2/q) (pg/(g—p)) 2p/(a—p)
<f |L(z) |‘1’2ds) = (fL(z)K(z)dz)
c (]

= K'(f)2?lle~») = K'()% (@D,

#(z) =

Likewise, we obtain the inequality
(35) f | ¥(2) |@/%ds 2 K'(1) = (2m) 92k (2), ASE 27
c

with equality holding for and only for the function ¥(2z) =L(2). Indeed, this
follows from Hélder’s inequality and (33), since we can write

/() = fc V(K (2)ds

2/q (¢—p)/pq
= ( f | ¥(2) quﬂds) ( f I K(z)wfwwsl) : ¥ E Ly
c (o]

We note that by the procedure of §3, the inequalities (34) and (35) can be
obtained with far more general classes of functions Lyg/q—p and L, than we
have used here.

For the case p =¢ =2, the inequalities analogous to (34) and (35) have been
obtained in a previous paper [4]. In that work, the Holder inequality was
not required, and the estimates were therefore all the more elementary. The
results obtained there relate an extremal problem in a class L., of bounded
functions and an extremal problem in a class L; of functions of bounded
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variation to our problems in L,. The problem referred to in the class L, is
nothing more than the extension of Schwarz’s lemma to multiply-connected
regions, while the problem in L, is one of distortion of length in conformal
mapping. Of course, the class L, to which these classes L; and L, are related
leads to the Szegt kernel function [4], and the identities (23), (24) and (32),
(33) may be viewed as extensions to the Banach spaces L, of the boundary
relations usually arrived at in the theory of kernel functions in Hilbert space
L,.
Combining (34) and (35), we have

2/q (¢—~p)/pe
(36) ( min fln/z{q”ds) ( min flcﬁlpq/(q"’)ds) =1,
q/2 € Lpgi(e-p

in analogy with (28). We have here also, however, additional identities such as

Y2 CSEVET I |
37 [( min f l ¥ qus> ] ( min f l ¢ lpq/(q—p)ds) =
ves 4 pq/(c—p) 21r

Thus we can relate extremal problems in the four classes Ly, L,y Lpg/a—p)»
Ly, if 1/p+1/g=1, 2=<qg=2+e Furthermore, it is evident that if € can be
chosen large enough so that for integral m =2+ €= ¢ =2 the extremal functions
I(z) corresponding to these values of ¢ continue to have no zeros, then we can
relate problems in classes Lyg/(q—up), Lesw+1) to our original problems, where
u runs over all integers between 1 and m—1, inclusive. Indeed, we merely
divide the differential

U(2) k(2)dz

into new component factors defined by the formula
{1(z)++1} { #e) }dz = I(2) k(z)dz
I(2)»

to arrive at this conclusion, and these factors yield our new extremal func-
tions.

It is worth remarking that in doubly-connected domains the above case
where € can exceed 1 may occur, and that, indeed, a situation can arise which
leads to arbitrarily large values of e. To see this, we return to the study of the
pair of domain functions /(z) and k(2) through Dirichlet problems mentioned
at the end of §3.

Let D be the annulus 1<|z| <p, let

1
o) = 215
log p

and suppose 1<t<p. Then the functions I(z), k(z), and consequently the
functions
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qlog I(z) — plog k(z),  U(z)k(2),

can exist in D with ()0 there if and only if there is a point { with
—p<{<—1 and with

(38) go(t) + po(§) = ¢.

This can be verified easily directly, or by the methods in [4], for one notices
that the point z={ is merely the zero of k(2) in D, so that Green’s theorem
yields (38). From (38) we find that ¢ must be given by the formula

q w({)
i e R
P 1 — o)
thus, by suitable choice of {, ¢ can have any value >1, but not greater than
¢
L SR SN O
1 — w(?) 1 — w(?)

Hence when the point of normalization z=¢ is sufficiently close to the outer
boundary, ]z] =p, of D, the upper estimate on ¢ exceeds any prescribed inte-
gral value m, and all the dualities displayed above can occur. Notice the par-
ticular role played here by the outer boundary of D, a result of the incom-
plete conformal invariance of our extremal problem when g2.

Thus we see that the fundamental properties of our extremal functions /(z),
k(2) follow from application of the basic differential identity (23), together
with Holder’s inequality and the general method of contour integration. When
a new identity of this form, such as (32), can be obtained, even by mere
algebraic manipulation, the new functions involved, such as L(z) and K(32),
are immediately shown to possess extremal properties to correspond with the
identity. Thus various unexpected relations are obtained between these sev-
eral extremal problems in the multiply-connected domain D.

5. Normalization at infinity. With our normalization so far in the finite
domain D we have had to require that ¢ be not too large in order to obtain
the results (34), (35). We shall now assume that D is infinite and that the
point z=¢ of normalization is the point at infinity. The symmetry obtained
in the new normalization will to some degree offset the lack of complete
conformal invariance of our problems in L,, 2, and will lead to a new
relation amongst extremal problems in all classes L, with no restriction on ¢
of this indefinite nature.

Transforming z=¢ to 3= «, taking ¢=$ =2 in (23), and multiplying by a
suitable factor of 27z, we find that there exist in D two functions /(z) and k(z2)
with expansions

a as
l(z)=l+-—-+—2+... R
k4 b4
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1 o .
k(z)-————+ + + a>0,
i
about the point at infinity, which satisfy on C the identity
12@ [ ,
(39) I(z) = G) g (s) = k(2)Z(s).

The function I(2) is found to have no zeros in D+ C and no changes of argu-
ment over the curves C; [4], so that /(z)* is defined and analytic throughout
D+C for all u. Of course, k(2) has in D » zeros, counting the zero at infinity.
The two functions (z), k(z) are Szegd kernel functions [4].

We can set
L) = et =14 -+,
k=22 12
I(z)» i 3
and L(z), K(2) are found to be analytic throughout D. If we set
2 2
?=1_u’ q=1+'u’ 1<p,¢< =,
we find immediately from (39) the identity
K@) |»
(40) L(z) = I_K(_z)l_ Z'(s), on C,
or
L(z)|*
(41) K(z) = I—L(;I——-z (s), on C,
and also .
i i=1—/u+1+u_-1
p g 2
From (40) we find that if
V@ =1+, | 2] large,

is analytic in D+ C, then

e = f vk < ( § 1) ( § 1K@ as)

with equality holding for and only for ¢(z) =L(2). Also, from (41), if
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1
$(z) = —

i+~--, |z|large,
1 2z

is analytic in D+ C, then

2na = § LE)o(6)ds 3 ( § 116 |«ds)”"( § 1o Ivds)”p,

with equality for and only for ¢(z) = K(z). Thus, by our usual methods, we
find

(42) minfi\lzlqu =f | L|ds = 2ma,
v c c

(43) minf | ¢ |7ds =f | K |rds = 2ma,
¢ c c

and similar inequalities [4] hold in L, and L,, for the extremal functions

k(z)
y U(z)? and 1, [(2)k(3),
I(z)
corresponding to the limiting values u=1, u= —1. Thus far we restrict our-

selves to the cases —1 <u<1.

In this way we get for all our extremal problems the same extremal func-
tions, except for exponents. Hence our problems in L, and L, lead back here
to the kernel functions in L, already studied [4, 7] and to Schwarz's lemma in
L., and distortion of length in L,.

6. The cases p<1, ¢<1. The discussions in §5 lead us to ask whether
it is possible to solve problems such as (26), (27) or (42), (43) when p <1 or
g<1. The cases p=1 and g=1 are already known to yield to our present
method [6, 7]. We shall show here that all our problems have solutions for
positive p <1, ¢<1, and that identities of the form (23), (24) are satisfied by
the extremal functions, but we shall not be able to obtain the uniqueness of
the extremal functions in this case, nor a duality between L, and L, with
1/p+1/q=1. Indeed, for =1 examples are easily found where the extremal
functions are not unique, for example, the extremal function /(z)k(2) of §5 is
not unique in L;.

It will be necessary to change our method in order to discuss cases where
p<1. We shall return to ideas developed previously [1, 4], and since the work
is no longer so elegant or new as that of the foregoing sections, we shall be
content to sketch proofs, giving reference to the earlier papers for detailed
exposition of method. A point of exceptional interest will be, however, the
fact that §5 can be extended, including a uniqueness proof, for sufficiently
large ¢<1.

Suppose, then, that we try, for example, to find an extremal function fo(2)
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for the problem (26), with » <1. We can certainly pick a minimal sequence

fm(Z) with
$ 1@l it § | 6) |

where 4 is the class of functions analytic in D+ C. If f,.(z) haszeros z,, + - -+, 2,
in D, then we can write

log | fn(@)| = — 3 g(s: 5) + log | Fu(®) |,

p=1

where g(z; {) is the Green’s function of D, and where F..(2) is analytic in D.
We can vary the zeros 2, - - -, 2, to new positions z*, - - -, 2* and thus de-
fine a new function f}(z) by the formula

log | £2() | = — 3 g(a: 2 + log | Fu(a) |,

provided that

4 ag(z; 2, a z;z*
> {g( W) 9g( u)}ds=0, j=1,-,m,
Cj

1 v v
> {etiz) — gz} =8> 0,
p=1

so that the new function f};(2) is single-valued and f}i(f) =e*>1, while on C

| fa@) | = 1n@) |-

Now for sufficiently small § >0 all these equations can be satisfied by making
suitable choice of the points 2,*, provided that z;, - - -, 2, are not all critical
points of a harmonic function

h(z) = g(z;8) + E)\ﬁ %3 2) ds.

j=1 v

This follows, indeed, by application of the implicit function theorem [1, 4].
Since, by the argument principle, %(2z) can have at most #—1 critical points
in D, we conclude in particular that if e>n—1, then we can replace the
competing function fa(3) in our minimal sequence by the new function
€% (2), and this function will yield for the norm

f | f(2) |"ds
c
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a value less than that obtained with f.(2). If we increase 8 in this process
until it becomes as large as possible, then clearly the function e~fi(z) will
have at most #—1 zeros. Thus we can assume in the first place that our mini-
mal sequence f»(2) consists of functions with at most #—1 zeros. We note, in
passing, that the above function %(z) plays a role analogous to that of the
function G(z, t) of formula (7).

It follows now that the zeros of the functions of our minimal sequence can
be assumed to have at most #—1 limit positions {; in D. We can, indeed,
choose, with no loss of generality, only competing functions ¢(2) of the form

#(z) = ¢1(2)F(2),

where F(z) is analytic in D+ C with F(¢) =1, F({;) =0, and where ¢1(3) 0
in D. In this discussion, if we count a zero of order greater than one according
to its multiplicity, all statements remain valid [4].

Now let 7 be an integer so large that 79> 1. The periods of the logarithms
of our competing functions f.(z), now assumed to have zeros only at the
points {;, are of the form

2ni(uir + vj), 0=2v;<m, on C.

For a suitable subsequence fn,(2) of the minimal sequence f(2) the integers
v; all tend to limits, j=1, - - -, n. Thus we may equally well assume in the
first place that the »; have their limit values. Hence, finally, we see that there
is no loss of generality in our extremal problem (26) if we assume that our
competing sequence f.(z) consists of functions of the form

In(2) = ¢m(2)F(2),

where F(z) is fixed, with zeros at the points {; and with fixed changes of argu-
ment about the C;.
Thus our problem reduces to that of finding

min f | F(z) IP Iqs(z) I”’ds.

sc4,00=1J ¢
Here l F(z) I ? merely plays the role of a positive weight function to be taken
into consideration in our problem, that is, we replace ds by | F (z)[zD ds as a
measure along C. Since 7p>1, the new problem has a unique extremal func-
tion fr(z), as can easily be verified by application of the methods of §§2 and
3. Indeed, the weight function | F(z)|? does not add serious difficulties to
our work. Thus the original problem possesses an extremal function

fo(2) = fr(z)F(2),

and since F(z) may be chosen to be analytic on C, and fr(2) can be ﬁroved
to be analytic on C by the methods of §3, it follows that the extremal function
fo(2) is regular on C as well as in D.




1950] THE CLASSES L, AND CONFORMAL MAPPING 413

Once in possession of the analytic extremal function f,(z), it is not hard
to make the variations of §3 and to prove that an identity of the form (23)

holds with
1/(1—p)
M@=ﬁ@[}]ﬂ@wa] .

Thus the problem (26) always possesses at least one extremal function fo(2)
which satisfies an identity (23) in terms of the usual associated pair of func-
tions I(z), k(z) when »>0. No uniqueness can be deduced in general, since
Holder’s inequality does not hold with p <1. But f,(2) is the unique extremal
function of the form ¢(2)"F(z), for fixed F(z), since the minimum problem
with weight function IF (z)l ? and exponent 7p>1 has a unique solution.

Thus the more important deductions of §3 carry over to the case p<1,
and we have the less obvious result that our extremal problems in L, have
here nonvanishing solutions, even though no inequality is available from ele-
mentary processes.

We proceed now to study the problem (42) for ¢<1. A similar study can
be made generalizing the work of §4, carried out for ¢>2 near 2, to the case
of values of ¢<2 and sufficiently near 2, but we leave the results there for
the reader to complete.

By the considerations of this section, we see that the problem (42) always
possesses minimum functions L,(z), even when ¢<1, and that each of these
solutions satisfies an identity

I L(2) ]q _ q
K,(z) = ———#(s), =——<0,
O I e
for suitable K,(z) associated with L,(2). In the notation of §5, we shall prove
that for ¢ sufficiently near 1, L,(2) is unique and is given by the formula

(44) Ly(z) = W), p=2/q—1>1

This will complete the results of §5.
First, we remark that in the paper [4] it was shown that L(z) =I(2)?is
unique. It follows therefore from the relation

1im}{|Lq|ads=f|L1|ds
g1 c (4

lim L,(z) = I(z)?,
q—»l

that

since L,(2) has at most n—1 zeros and since ILq(z)| 2is on C of the form
| La(2) [+ = Ly(2) K (=)' (s) Z 0,

.
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and this quantity is proportional to the normal derivative of a generalized
Green's function such as that given in formula (7). Thus L,(2) has no zeros in
D+C and no changes of argument on the C; for ¢ sufficiently near 1, ¢<1.
Thus we can define

l(z) = Ly(2)7"%,

and we discover that this function has all the properties described for it in
§5, when ¢ is near 1. Hence, by the uniqueness of /(2), proved in §5, we find
that L,(2) is unique and is given by (44).

Let ¢o<1 be a number for which (44) holds. Then we can show by con-

sidering the relation

lim L,(3) = Lg,(2)

-4,
that for ¢ <go sufficiently near g, the formula (44) holds. The argument here
is, indeed, that just given for go=1. Hence there is no smallest go for which
(44) holds.

We close by obtaining an inequality directly which is related to the prob-
lem (42) in the infinite domain D. Similar inequalities can be derived for our
other extremal problems.

Let g(z, ) be the Green’s function of D with a positive logarithmic
singularity at 2= o, and let ¥(2) =1 +¢(z) be any function of the class used in
(42), so that ¢(2) is regular in D+ C and vanishes at infinity. Then by Green’s
theorem we have

9 i} ad
b Elvbas—§ Zas-§ Zil1+ol -1l
~§ e tl1+olas
=fngA{|1+¢|”}dxdy
= szfbgl (1 + ¢)7%'?| dzdy 2 0,
with equality holding for and only for ¢(z) =1. Hence

ag ag
45 =lylrds =@ —ds=2m,
) fcavmsf;avs "

and we have, finally, the inequality

2r
(46) $ w0 ris 2 —"—

max —
c Oy
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Also, we have, from (45) and Hélder's inequality, for all >0 the inequality

(@) § lvolas z eoe{ §(Z)a} 0> 1

We remark that if the function G(w, ¢) of (7) ,with t= », should coincide
with the Green’s function g(w, «) of D, then (45) can be reformulated in
such a way as to yield a sharp inequality for the problem (42). If this should
be the case, it can be shown that (42) has the solution (44) for all ¢>0.
Finally, we point out that when the infinite domain D has rotational sym-
metry about the origin, the functions G(z, «) and g(z, «) do coincide,
except for an inessential additive constant.
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